Abstract: An important step in the load and resistance factor design (LRFD) is the selection of the characteristic values of uncertain soil parameters, which can be quite subjective despite the simplicity of the LRFD method. This paper assesses five statistical methods for the selection of characteristic values for design with LRFD, focusing on the design robustness. A framework based on the consideration of safety, cost, and design robustness is proposed for assessing these selection methods. This framework is illustrated with an example, the design of a drilled shaft in sand using LRFD, in which the best overall method for selecting the characteristic values is suggested. The implication of the outcome of this study is quite significant in geotechnical engineering practice, as it provides guidance on the selection of the characteristic values for design with LRFD.
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Introduction
The uncertainties in the soil parameters, solution models, and applied loads make it difficult to ascertain the predicting performance of a geotechnical design, which complicates the design decision. To deal with these uncertainties, the geotechnical engineer usually adopts one of the following design approaches: 1) factor of safety (FS)-based approach augmented with experience and engineering judgment, 2) reliability-based approach considering explicitly uncertainties in the input parameters and the solution model, and 3) load and resistance factor design (LRFD) approach. While the reliability-based design (RBD) method is the most sophisticated of the three approaches, the LRFD method is increasingly receiving a wider acceptance in practice because of its ease of use and the regulatory requirements.
The LRFD approach is one of the Limit State Design (LSD) methods in geotechnical engineering (e.g., Becker 1996; Ovesen and Orr 1991) , which is a factored resistance approach where the resistance calculated with the nominal or characteristic values of the strength parameters is multiplied with a resistance factor (less than 1.0) to yield the limit state resistance.
This approach is generally adopted in the North America (e.g., AASHTO 2007; CSA 2006; CSA 2014) . Another implementation of the LSD is the partial factor design as adopted in the Eurocode 7 (e.g., CEN 2004; Frank et al. 2005) , which is a factored strength approach where the limit state resistance is calculated with the factored strength parameters that are obtained by dividing the characteristic values of the strength parameters by the respective partial factors (greater than 1.0). Other implementation of the LSD has also been attempted. In this paper, the focus is on the LRFD approach (code), but throughout the paper, the descriptions of LRFD are generally applicable to Eurocode 7, and vice versa, as the two approaches are deemed equivalent in the context and purpose of the present paper. Regardless of which approach (factored D r a f t resistance approach or factored strength approach) is taken, once a code is adopted in a given design, the most pressing question to a practicing engineer is how the characteristic values of the strength parameters are determined.
For a geotechnical design using a given LRFD method, the partial factors (i.e., resistance factors and load factors) are specified in the design code. Regardless of how these partial factors were calibrated (calibration with past experience, target factor of safety, or target reliability index), the design with LRFD is basically a deterministic approach, just like its counterpart, the design with the FS-based approach. Due to a number of factors, such as the variability of the natural deposits, the measurement and transformation errors, and the limited availability of test data, the derived soil parameters for a given problem are often uncertain (Phoon and Kulhawy 1999) and must be characterized as a random variable. However, as in the traditional design based on FS, the design with LRFD necessitates its user to select the characteristic values of the uncertain soil parameters, which is quite subjective despite the simplicity of the LRFD method.
Thus, the goal of this paper is to make this selection process easier for the practicing engineer.
A unique feature of this paper is to assess the existing characteristic value selection methods from the perspective of design robustness (Taguchi 1986; ). In the traditional design approaches (be it the FS-based, RBD, or LRFD), the focus of the design is placed on safety and cost. In the present study, the design robustness is considered along with cost and safety in the development of a new procedure for the selection of the characteristic values of uncertain soil parameters.
To develop the new procedure/method, the existing characteristic value selection methods are first assessed from the perspectives of safety, cost, and design robustness. Although the design robustness has been a subject of discussions among the members of ISSMFE TC 304 D r a f t (e.g., Simpson 2017) , the quantitative definition of design robustness is quite new to the geotechnical engineer. To this end, a brief introduction of the concept of design robustness is provided in the following.
The concept of robust design is first introduced by Taguchi (1986) for use in industrial engineering. A design is considered 'robust' if the computed performance of the design, called system response, is robust against, or insensitive to, the variation of the uncertain input parameters, called noise factors. In a traditional geotechnical design, the designer often selects the least-cost design among a set of candidate designs that satisfy the safety requirements.
However, the lowest-cost design, regardless of which design approach (FS-based, RBD, or LRFD) is used, may not always satisfy the safety requirements if the actual variation in the soil parameters is much greater than the anticipation ). Of course, over-design to compensate the unforeseen or changed conditions is an option but it may become too costly and undesirable. To overcome this design dilemma, Juang and his co-workers (e.g., Khoshnevisan et al. 2014) introduced the concept of design robustness into the geotechnical design. They proposed a new methodology, termed robust geotechnical design (RGD), that considers design robustness, in addition to safety and cost, through a multi-objective design optimization framework. In this paper, the RGD concept is applied to evaluate the existing characteristic values selection methods for design with LRFD.
The rest of this paper is organized as follows. First, the definition of the characteristic value along with some recent developments is presented in Section 2. Then, five existing characteristic values selection methods for the design with LRFD, the measure for the design robustness, and the assessment framework are presented in Section 3. An example is next presented in Section 4 to demonstrate the proposed framework, which is followed by an evaluation of the five D r a f t characteristic values selection methods and a discussion and summary. Finally, concluding remarks are presented in Section 5.
Definition of the Characteristic Value and Recent Developments
In Eurocode 7 the characteristic values of uncertain soil parameters are defined as a "cautious estimate of the value affecting the occurrence of the limit state" (CEN 2004) . In principle, "the characteristic values of soil parameters are selected so as to take account of the inherent variability of the ground, the uncertainty in the determination of the soil parameters, and the extent of the relevant failure mechanism, while the magnitude of the partial factors, which are usually set by national standards organizations, are chosen so as to provide the level of reliability or safety required by society and, ideally, so that the reliability level of designs is as close as possible to the target reliability level" (Orr 2017 ).
Assume X is a random variable that characterizes a soil parameter that is required in a design using LRFD. Although the value of the soil parameter X is uncertain, a fixed value is required in the design using LRFD. The characteristic value (which is a fixed value once it is selected) of this random variable, denoted as X k , is suggested as a "cautious estimate of the value affecting the occurrence of the limit state". However, Eurocode 7 does not specify what constitutes a "cautious estimate", although the characteristic value X k is generally understood as a value that is less than the mean of this random variable (see Figure 1 ). When the test data about the soil parameter X is abundant and both the mean (µ) and standard deviation () can be determined, the characteristic value X k may be taken as: X k = µ -k  where k is a constant that yields a cautious estimate. It should be noted that when the test data is limited at a specific site, the engineer may rely upon prior experience, augmented with Bayesian methods as applicable, to estimate the D r a f t standard deviation of a soil parameter (e.g., Wang and Cao 2013; Cao and Wang 2014) .
Regardless of whether the available test data is abundant, there is little theoretical basis for selecting the constant k (and thus the characteristic value) for a geotechnical design with LRFD.
It should be noted that the selection of the characteristic values of uncertain soil parameters for use in a design with LRFD is a complex issue, as whether the chosen values are suitable for a given design at a given site depends upon variables such as how the load and resistance factors are calibrated, the degree of understanding of the site and the solution model, and the severity level of failure consequence. Thus, a brief discussion of these variables is in order. Regarding the first variable, it is noted that in the more recent resistance factors calibration, reliability analysis with different levels of sophistication has been used (e.g., Phoon et al. 2003; Paikowsky et al. 2004; Fenton et al. 2016; Bathurst et al. 2017; Javankhoshdela et al. 2018 ). According to Phoon (2017) , when dealing with the problems of "known unknowns", reliability theory is very useful in handling complex real-world information including imperfections (scarcity of information or incomplete information). Thus, understanding how the load and resistance factors are calibrated affords the engineer to gain insight and confidence in the calibrated resistance factors. The second and third variables mentioned above are introduced and discussed in detail by Fenton et al. (2016) and built into the resistance factors table in CSA (2014) . As the results of their calibration, the resistance factors are provided for three level of understanding (low, typical, high) of the site and the solution model, and in practice, these resistance factors are further adjusted by the severity level of the failure consequence. When both the degree of understanding and the severity level of failure consequence are considered "typical", the resistance factors are equivalent to the single resistance factor often adopted in most LRFD codes.
It is interesting to note that the concept of the degree of understanding and the severity level D r a f t of failure consequence appears to be similar to the concept of "calculated risk" advocated by Casagrande (1965) , which has guided the geotechnical practice over the last several decades.
With the concept of the calculated risk, the failure consequence and the understanding of the solution model and the ground are factored into the adopted target factor of safety (FS) for a given design. Furthermore, the concept of multiple resistance factors for different levels of specific site condition/design situation has been discussed by Phoon et al. (1995) , Phoon et al. (2003) , and Paikowsky et al. (2004) , although not as elaborated and elegant as that proposed by Fenton et al. (2016) . Indeed, it is fair to say that the LRFD approach with the newly calibrated resistance factors recommended by Fenton et al. (2016) and adopted by CSA (2014) represents a significant advance in this area.
Although this paper is focused on LRFD or Eurocode 7, the proposed method for the selection of the characteristic values is applicable to the FS-based approach. However, the selected characteristic value must be consistent with the adopted values of load and resistance factors (in the LRFD approach), or with the adopted value of factor of safety (in the FS-based approach), for achieving the targeted level of reliability or safety. The reader is referred to Chapter 5 of a recent TC205/TC304 (2017) report for additional discussion on this subject.
Assessment Methodology and Framework

Load and resistance factor design (LRFD)
Load and resistance factor design (LRFD), also known as the limit-state design method has been implemented into many design codes (e.g., AASHTO 2007; CEN 2004; CSA 2006; CSA 2014; NRC 2005) . In terms of usage, the LRFD approach is superficially identical to the traditional FS-based approach permitting an easy-to-use format (i.e., both are a deterministic D r a f t approach) for the designers. In the LRFD, safety and reliability are ensured theoretically by the respective values of load factors and resistance factors.
The LRFD compares the factored resistance to the sum of factored loads as follows (e.g., Bathurst et al 2017; Fenton et al. 2008; Fenton et al. 2016; Kim and Salgado 2011; Phoon et al. 2003; Paikowsky 2004; Roberts and Misra 2007): (1)
where ψ is the resistance factor; R is the characteristic value of resistance; γ i is the i th load factor; and Q i is the i th characteristic load effect. The LRFD partial factors (e.g., resistance factor and load factor) are constants that have been calibrated for the design of a structure using a given solution model at a target reliability index. Generally, resistance factors are less than or equal to 1.0, whereas load factors are greater than or equal to 1.0 for conservative designs.
It is noted that in the latest Canadian Highway Bridge Design Code (CSA 2014), the resistance factors are provided for three levels of site and model understanding (low, typical, high). These factors are intended to account for site and modeling uncertainties. While use of multiple resistance factors to account for the level of soil variability has been previously proposed (e.g., Phoon et al. 2003; Paikowsky 2004) , the adoption of these resistance factors in the latest Canadian Highway Bridge Design Code represents a significant advance in the reliability-calibrated resistance factors. It also reflects a "real desire amongst the geotechnical community to have their designs reflect the degree of their site and modeling understanding", as noted by Fenton et al. (2016) . Further, this Canadian code also introduces a consequence factor that may be used to adjust the resistance factors for each of the three levels of failure consequence. According to Fenton et al. (2016) , however, "research into the determination of the required resistance and consequence factors for the Canadian codes is ongoing. The consequence D r a f t factor applied to geotechnical resistance is a new idea, and work is still needed to determine when it should and should not be applied."
It is noted that if both the degree of understanding and the degree of consequence are deemed "typical", the resistance factors provided in this Canadian code are essentially reduced to the single resistance factors often adopted in most LRFD codes.
Selection method for characteristic value of LRFD
Orr (2017) summarized several methods that have been used in the selection of characteristic values of LRFD. In this paper, the five statistical methods (M1, M2, M3, M4, and M5) will be assessed and compared. Among these methods, M1~M3 appear to focus mainly on statistical uncertainty, while M4~M5 appear to focus on spatial averaging. In this paper, the characteristic values determined by these methods, and the subsequent design outcomes obtained with the LRFD, are compared from the perspectives of safety, cost, and design robustness.
M1: As the 5% fractile of an unlimited test series
For a normally distributed random variable X, the characteristic value (X k ) defined using the 5% fractile method is given by
where X mean and COV are the mean and the coefficient of variation of variable X, respectively; and 1.645 is the Student t factor corresponding to the 5% fractile value for an unlimited test series.
M2: Using the Schneider's (1997) equation
Similar to Eq. (2), Schneider (1997) proposed the following statistic equation for determining the characteristic value:
It is apparent that the characteristic value determined by Eq. (3) is less than that of Eq. (2) so M2 is less cautious (conservative) than M1. 
M3: As a function of the number of test results
Considering
where t α,γ is the Student t factor for a confidence level of α% and degrees of freedom γ; N is the number of test results; γ is equal to N-1 assuming X is a normal variable.
M4: As a function of the extent of the failure surface
To consider the influence of the spatial variability and other uncertainties affecting the characteristic value, Phoon and Kulhawy (1999) suggested using an additive total coefficient of variation, COV total to replace the COV in Eq. (2). Assuming a perfect transformation model and no measurement errors, the COV total can be simplified to COV inher multiplied by Г S , where COV inher is the coefficient of variation of the soil's inherent variability and Г S is a variance reduction factor. Denoting COV inher as COV for simplicity, the characteristic value of soil parameter can be determined by Eqs. (5) and (6), respectively:
where Г S 2 = Г x 2 Г y 2 Г z 2 is the variance reduction function considering the spatial extent of the failure mechanism, and Г x 2 , Г y 2 , and Г z 2 are the variance reduction functions in the x, y, and z direction, respectively. Г i 2 (i=x, y, and z) can be calculated using the following equations D r a f t (Vanmarcke 1983 ): 
M5: A simplified formula for the revised version of Eurocode 7
In preparation for a revised version of Eurocode 7, the European Standardization Committee established an evolution group, EG11: Characterization (Orr 2017) . To consider the extent and quality of field investigations and the extent of the zone of ground governing the behavior of the structure at the limit state under consideration, EG11 proposed a general equation for the assessment of the characteristic value, which explicitly included the number of samples as well as the scale of fluctuation. It was, however, further simplified by Orr (2017) as follows:
where L v is the vertical dimension of the zone of influence (e.g., vertical component of the length of failure surface or vertical zone where relevant settlements occur, and so on); a is a factor which accounts for the quality and extent of laboratory and field investigations, type of tests, sampling methods and levels of experience. For high quality testing and ground investigation, a = 0.5; for average quality testing and ground investigation, a = 0.75; and for values estimated from general experience or tabulated values, a = 1.0.
It should be noted that although the effect of spatial variability has been considered in M4 D r a f t and M5, the characteristic value is treated herein as a spatially constant value for simplicity and practicality. A more rigorous but complex alternative is to treat it as a spatially varying value (e.g., Zhao et al. 2018) , which is, however, less desirable within the proposed framework.
Design robustness measure
The essence of the robust geotechnical design (RGD) involves an explicit consideration of design robustness in the design process along with safety and cost requirements Gong et al. 2015; Gong et al. 2016; Khoshnevisan et al. 2014 ). In the context of RGD, the input parameters are classified into the design parameters (d) and the noise factors (θ). The design parameters (d) are those that can be easily adjusted by the designer, such as the geometries of the design. The noise factors (θ) are uncertain input parameters that are hard-to-control and hard-to-characterize, and they are usually treated as random variables (X) in the context of reliability analysis. In the traditional reliability analysis, the statistics of random variables, such as coefficient of variation (COV), are usually assumed as fixed values. On the other hand, in the recently developed RGD, the COVs of random variables are allowed to vary (and to be modeled as random variables themselves), as the uncertainty often exists in the estimated COV due to limited data availability . Indeed, these COVs are often reported as a range (Phoon and Kulhawy 1999; ).
In the context of RGD, several indices are used to measure the design robustness: the feasibility robustness, signal-to-noise ratio, variation of response, and the gradient of the system response Khoshnevisan et al. 2014) . The feasibility robustness is adopted in this study for its simplicity and relationship with the reliability concept.
Feasibility robustness index P c
Feasibility robustness is the probability that a system remains feasible even when the inputs D r a f t undergo variation, which may be expressed as follows Parkinson et al. 1993 ):
where P f is the failure probability of the system, which is a random variable given the uncertainty in the estimated COV of noise factors; P f T is a pre-specified target failure probability;
is the probability that the requirement of a target reliability (in terms of an acceptable failure probability) of the system can be satisfied and maintained (and thus the system can remain feasible). The condition of P c = 0.50 is equivalent to a traditional reliability design that assumes an absolute certainty in the COV of noise factors. A design with a greater P c value is more robust as the system will have a higher probability of remaining feasible (i.e., meeting the target reliability requirement based on the traditional reliability analysis).
Framework for assessing the characteristic values selection methods
The proposed framework for the evaluation of the methods for selecting characteristic values of random soil parameters for design with LRFD can be summarized as follows:
(1) Each of the five methods (M1, M2, M3, M4, and M5) is used to determine a set of characteristic values of uncertain soil parameters. The design is then carried out using the LRFD approach with the characteristic values obtained. This is accomplished by enforcing the equal sign in Eq.
(1) and seeking the most economical dimension (design) within the discrete design space. For M1 and M2, a single design is obtained, and for M3, M4, and M5, multiple designs are obtained, each for a set of corresponding characteristic values.
(2) For each design obtained using LRFD, a series of analyses is performed to evaluate its cost, reliability (safety) level, and the design robustness. The cost function should be based on local practice, the reliability can be determined using any suitable method such as the first order D r a f t reliability method, and the design robustness can be obtained using any suitable measure such as the feasibility robustness described previously.
(3) All designs are then compared with respect to the cost, reliability, and design robustness, and the optimal design is assessed. The reliability or safety requirement must always be satisfied.
Once the reliability is assured of, the optimal design may be achieved with respect to the two objectives, minimizing the cost and maximizing the design robustness. However, these two objectives conflict each other, and the optimization generally leads to a Pareto front ), which yields a tradeoff between the cost and the design robustness.
(4) Among the non-dominated designs on the Pareto front, a knee point may then be located, which yields the optimal design in a tradeoff setting. The characteristic value selection method that leads to this optimal design is deemed the best overall method for evaluating the characteristic values of uncertain soil parameters for a design using LRFD.
Illustrative Example -A drilled shaft in sand
The methodology and framework proposed in Section 2, including the determination of the characteristic values by the five selection methods, the formulations of LRFD, and the reliability and robustness assessment of the designs with LRFD, will be investigated and discussed through an example problem of a drilled shaft in sand in this section.
Geotechnical characterizations
The example of a drilled shaft in loose sand subjected to an axial load under drained condition (Phoon et al. 1995; Wang et al. 2011 ) is adopted for design with LRFD (Fig. 2) . This drilled shaft is designed to bear a 50-year design load of F 50 = 800 kN and the maximum allowable settlement of this drilled shaft is y a = 25 mm.
The ultimate limit state (ULS) and the serviceability limit state (SLS) are the two design requirements that must be met when designing a drilled shaft problem. However, given that the design of drilled shaft in sand is controlled by the SLS requirement Wang et al. 2011) , only that requirement is considered herein. Thus, in the LRFD approach, the safety of the drilled shaft with respect to the SLS requirement is assessed with the following equation, which is a variant of Eq. (1):
where g D is the system response of the completed design with LRFD; ψ c is the resistance factor, which is taken as 0.56 in this example (Gong et al. 2016) ; Q SLS is the SLS-based resistance of the drilled shaft; "d" is the design parameters; θ k is the characteristic value of noise factors (i.e., uncertain soil parameters); F 50 is a factored load. If g D (d, θ k ) > 0, the safety requirement is met.
The SLS-based resistance of the drilled shaft (Q SLS ) is influenced by many factors. Phoon et al. (1995) determined that the drained friction angle ϕ' and coefficient of earth pressure at rest K 0 are the two random variables that should be considered in the reliability-based design (RBD) of drilled shafts in loose sand. These two soil parameters are then considered as random parameters (X) or noise factors (θ) in the robust geotechnical design (RGD). Both ϕ' and K 0 are assumed to follow lognormal distribution. In general, the mean of a soil parameter can be estimated with a higher degree of certainty, and is generally treated as a constant. However, with limited data availability, the COVs of soil parameters are difficult to estimate with any certainty, and thus should be treated as random variables. In this example, the COVs of ϕ' and K 0 are considered as random variables. other design space can be specified based on local experience. The target reliability index is β T = 2.6, which corresponds to a target probability of failure P f T = 4.710 -3 .
The construction cost of the drilled shaft (C), including both material and labor costs, may be expressed as a function of the design parameters (d) in US dollars ($). The detailed formulation of the cost C as well as the formulation for the resistance Q SLS can be referred to Wang and Kulhawy (2008) and . It should be noted that the cost function is often, and should be, dictated by local practice and experience.
Designs with LRFD using the characteristic values from five selection methods
The five statistical methods described in Section 2.2 are adopted to determine the characteristic values of the noise factors,
In methods 1 and 2 (M1 and M2), the characteristic values depend only on COV of the noise factors, so only one pair of the [ϕ′ k , K 0k ] can be obtained using Eq. (2) Fig. 3(c) .
In method 3 (M3), the characteristic values are a function of the COV of soil parameters, the confidence level (α%), and the number of test data (N). The α% is assumed as an example herein to be 95%. As indicated by Gill et al. (2005) , N is generally limited in geotechnical practice
(from a few to generally less than 30), so N = {4, 5, …, 29, 30} is assumed in this illustrative example, which should cover virtually all scenarios in practice. Eq. (4) According to the random field theory (Vanmarck 1983), the spatial variance is smaller than the point variance due to the variance deduction. The larger the failure zone is, the smaller the spatial variance will be, as evidenced from Eqs. (7) and (8). Thus, greater characteristic values could be adopted in the situations with greater L v since there would be less variation in soil
properties. This is reflected in Fig. 3(b) , which shows the characteristic values that could be adopted increase with the increase of L v. It can also be observed that the ϕ′ k by M4 and M5 are very close to each other, while there is a more obvious difference between the K 0k obtained by M4 and M5, when L v is small.
In short, a total of 49 pairs of characteristic values, which includes 1 pair each for M1 and M2, 27 pairs for M3, 10 pairs each for M4 and M5, respectively, are obtained by the five selection methods under various scenarios. These characteristic values are listed in Table 2 along with the respective design outcomes using LRFD (to be discussed later). As observed from Table 2 
Reliability and robustness assessments of the designs obtained with LRFD
Reliability assessment of the designs
For the reliability analysis of the drilled shaft, the limit state function is set up as follows, which is different from the performance requirement of LRFD (see Eq. 11):
Unlike the performance requirement of the LRFD, no partial factor is applied (F load is un-factored load) and θ is the vector of noise factors, which are treated as random variables with their statistical properties listed in Table 1 . The first order reliability method (FORM) is used for the reliability analysis of each of the designs obtained using LRFD. For each design, the reliability index (β) is obtained herein through a simple reliability analysis (such as FORM) that models each uncertainty soil parameter as a random variable. All designs obtained using LRFD with various characteristic values are subjected to the same reliability analysis. Furthermore, the mean of the COV (listed in Table 1 ) is used in the analysis, but not its variation (i.e., assuming no variation in a given COV). In other words, the COV is considered as a fixed value for a given problem. For the feasibility robustness analysis presented later, however, the COVs of soil properties are treated as random variables and all data in Table 1 are used.
For each design (listed in Table 2 ) that is obtained using LRFD, as described in Section 3.2, the performance or reliability of the design, in terms of reliability index, is computed and the result is listed in Table 2 . As can be seen from Table 2 , the reliability indexes for all designs are larger than the target reliability index β T = 2.6 (Wang et al. 2011) , which means these designs all exceed the safety requirement. It is noted that in practice for a design with LRFD, no correlation between soil parameters is considered (although the correlation is considered in the calibration of resistance factors). To keep the example simple, in the reliability indexes computed and reported in Table 2 the cross-correlation between random variables ϕ′ and K 0 is not considered. This tends to underestimate the reliability index values in this drilled shaft problem but the same assumption is made for all selection methods. As such, the results serve our purpose of comparing these methods adequately. As mentioned previously, the reduction in the variation of soil properties affords the use of greater characteristic values in the design with LRFD, which leads to a cheaper D r a f t design (albeit less conservative) that still meets the target reliability index (Table 2 ). Figure 4 shows the cost versus the reliability index for all designs.
Robustness assessment of the designs
The feasibility robustness (P c ) of each design can be calculated using Eq. (10) and the statistical parameters listed in Table 1 . It should be noted that in a traditional reliability-based design, the computed failure probability (P f ) of the system would be a fixed value as the COVs of noise factors (random variables) are assumed constants. Thus, the system is either feasible (P c = 1) or not feasible (P c = 0). However, the failure probability would be a random variable given the variation in the estimated COVs of noise factors (see Table 1 ). The reader is referred to for computing the feasibility robustness (P c ) given the variation in the estimated COVs of noise factors.
For the single design obtained with M1 or M2, the cost (C) and feasibility robustness (P c )
are computed, and the results (a single pair of [C, P c ] for each design) are shown in Table 3 . For the multiple designs obtained with M3, M4, or M5, multiple pairs of [C, P c ] are obtained. Recall that the goal of this study is to assess the characteristic value selection methods, which is rated herein according to the best overall design using LRFD. Among the designs that satisfy the safety requirement (i.e., meeting the target reliability index in a reliability analysis), the best overall design is judged with the objectives of both cost and feasibility robustness. Therefore, for M3, M4, or M5, the multiple designs, and thus the multiple pairs of [C, P c ], obtained are assessed using these two objectives. Among the multiple feasible designs that satisfy the safety requirement, shown in Fig. 5 , it is desirable to find an optimum design that maximizes the robustness while minimizing the cost.
Comparisons of the five characteristic value selection methods
However, the robustness and the cost efficiency are two contrary objectives in general, and cannot approach to their optimal values simultaneously. Instead, the optimization with respect to these two objectives tends to identify only a set of non-dominated designs, which collectively form a Pareto front that shows a tradeoff between cost efficiency and robustness . In this study, an optimal design is needed, and given no preference with respect to the two objectives; a knee point on the Pareto front is identified and treated as the best overall design. Here, the so-called minimum distance criterion ) is used to identify the knee point. The knee point of the Pareto front shown in Fig. 5 is identified as the design that was obtained using M3 with N = 16. Similarly, Figure 7 shows the plot of the cost versus the feasibility robustness for multiple feasible designs obtained using M5 that also reflect the effect of vertical dimension (L v ). In this case, the knee point or the best overall design is the one that was obtained using M5 with the vertical dimension (L v ) of 11.
An interesting observation in Figs. 5, 6, and 7 is that the feasibility robustness (P c ) of all the designs are greater than 0.5, which means these designs are all feasible (or satisfactory) from the perspective of satisfying the safety requirement by the code (i.e., exceeding the target reliability index determined with a traditional reliability analysis). This is expected, as the characteristic values determined with the five selection methods are all less than their respective mean values and biased toward the conservative side, albeit to different degrees. 
Summary on methods for selecting characteristic value
The key outcomes of this comparison study of the five selection methods, including the characteristic values, the design (in terms of diameter B and length D), cost (C), reliability index (β), and feasibility robustness (P c ) of the drilled shaft design, discussed previously, are summarized in Table 3 .
As seen in Table 3 , among the five characteristic values selection methods, M1 yields the most conservative design with the highest cost. The designs based on M2 and M3 are the least expensive of the five designs. Although the designs based on M4 and M5 are more expensive than those of M2 and M3, their feasibility robustness is much greater than that of M2 and M3. As illustrated in Fig. 8 , M4 and M5 are preferred over M2 and M3 based on a tradeoff consideration of cost and robustness. Furthermore, since M5 and M4 yield almost identical results in the drilled shaft problem studied in this paper, M5 is preferred over M4, as the former is easier to use with simpler formulation and its model form can be unified with that of M1, M2, and M3, as follows:
where A is an offset factor (for an offset from the mean). For M1 and M2, A is a fixed value equals to 1.645 and 0.5, respectively. For multiple designs obtained using M3 and M5, A is a function of sample number (N) and vertical dimension (L v ), respectively. For these four methods examined, the range of A of all feasible designs is from 0.438 to 1.645.
To investigate the optimal offset factor (A) for the design of drilled shaft in sand, the C vs.
P c relationship for all feasible designs obtained using M1, M2, M3 and M5 are plotted in Fig. 9 with a focus on the effect of A. An increase in A decreases the selected characteristic value, D r a f t which will increase both the design robustness and the cost of the resulting design with LRFD.
The optimal A is the A value of the best overall design considering the tradeoff between the design robustness and the cost while satisfying the safety requirements. As shown in Fig. 9 , the A value of the best overall design (with B = 0.9 m and D = 7.5m) is 0.678 in this example. Note that this optimal (best overall) design is the same as the knee point shown in Fig. 7 , which was obtained using the characteristic values selected by M5.
It should be emphasized that the optimal A value could be influenced by many factors, such as the preference in a tradeoff consideration (cost versus robustness), the cost function in local practice, the level of variation of the noise factors (including the effect of spatial variability), and the "calculated risk" (Casagrande 1965) . Nevertheless, the proposed procedure to select the A value is deemed appropriate and satisfactory. For simplicity, the optimal A value of 0.678 is rounded up to 0.7 herein for the type of problem studied and the conditions assumed in this paper. Further studies to confirm or amend the findings presented in this paper are warranted.
Finally, in practice when there is no test data, the engineer may estimate the COV of a soil parameter based on local experience or published literature (e.g., Phoon and Kulhawy 1999) and then uses Eq. (13) to estimate a characteristic value.
Conclusions
There is a need to provide a simple guidance to the practicing engineer who wants to follow the LRFD approach specified in a code; a guidance for selecting the characteristic values of uncertain soil parameters that is lacking in the code. Given the simple statistics (e.g., mean and standard deviation) of a soil parameter, the challenge is how to select a proper characteristic value of the distribution of the random variable (i.e., uncertain soil parameter) to be used in the D r a f t design with LRFD. This paper assessed five characteristic values selection methods for the design with LRFD. The assessment was carried out from the perspectives of the safety requirement (meeting the target reliability index), the cost, and the design robustness. To illustrate the assessment methodology, the problem of drilled shaft design in sand was used as an example herein. The following conclusions were reached in this assessment study:
(1) All designs obtained by LRFD based on the characteristic values from the five selection methods examined in this paper were "feasible" or safe (i.e., with a reliability index greater than the target value that is commonly accepted for design of drilled shafts in sand). This is reasonable as the characteristic values selected with these five methods are all biased toward the conservative side.
(2) On the assumption of a range of the number of samples (M3) or the vertical dimension of the failure zone (M4 and M5), the optimization of all feasible designs with respect to both the cost and the feasibility robustness yielded a Pareto front. A knee point could be identified in these Pareto fronts, which yielded the best overall design under the stated conditions. By comparing the designs with LRFD using the five the characteristic values selection method (knee point for M3~M5), it is found that the design with the characteristic values selected using M1 was the most conservative and most costly; the design using M2 was least expensive; the designs using M4 and M5 were preferred over those using M2 and M3.
(3) For the drilled shaft problem studied and under the assumptions adopted for M4 and M5
respectively, the designs obtained with these two methods were almost identical in this study. However, M5 is easier to use (with a simpler formulation) and its model form can be unified with that of M1, M2, and M3, which is expressed as a simple function of the D r a f t mean value (X mean ), the coefficient of variation (COV), and an offset factor (A). Thus, M5 is preferred over M4. This finding, however, is deemed preliminary and further studies are suggested for different geotechnical design problems under various assumptions.
(4) For the problem of drilled shaft design in sand, the optimal offset factor for the estimate of the characteristic value in the unified equation (Eq. 13) is A = 0.7. While the optimal offset factor (A) for a given type of problem under stated conditions could be influenced by many factors, such as the preference in a tradeoff consideration (cost versus robustness), the cost function in local practice, the level of variation of noise factors (including the effect of spatial variability), and the "calculated risk" (Casagrande 1965) , the proposed procedure to select the A value is deemed appropriate. However, further studies to confirm or amend this finding are warranted.
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